THE FUNDAMENTAL THEOREM OF CARDINAL ARITHMETIC

Theorem 1. k2 = k for every infinite cardinal k.

We need to show that there is a bijection between x and x X k. Let us give two proofs.
The first one relies on the fact that for every well-ordering (L, <) there is a unique ordinal
a such that (L, <) = («, €). The second proof is even more elementary, it is based on
Zorn’s lemma. Both of the proofs uses transfinite induction on . To start the induction
let F(n) = (¢,m) for the unique (¢, m) with n = 2°- (2m + 1) — 1. This F is a bijection
between w and w X w. Let k be an uncountable cardinal.

First proof: We define a well-order on x X x by letting (v, 50) < (aq, 1) iff

max{ao, ﬁo} < max{ozl, Bl} or
max{ag, 5o} = max{ay, f1} and ap < oy or

max{ay, fo} = max{ai, f1} and ag = a; and Gy < fi.

(Check that this is indeed a well-order!) Then there is an ordinal A and an order-
preserving bijection f from (), €) to (k x K, <). We claim that A\ = k. Since |k X k| > K
obviously holds, we know that A\ must be at least k. Suppose for a contradiction that
A >k and let (o, 8) := f(k). Then on the one hand, there are x many elements below
(o, B) with respect to < (namely f(7) for v < x}). On the other hand, every such element
has only coordinates smaller than max{«a, 3} < & so there are at most |max{a, 5}|* such
elements. By induction |max{a, 8}|° = |max{a, f}| < &, a contradiction. O

Second proof: Consider the set
P:={f: fisafunction with w C Dy C k, Ry = Dy x Dy}

partially ordered by C (i.e. g is larger than f iff D, O Dy and f(«) = g(«a) for a € Dy).
The conditions of Zorn’s lemma hold: for a non-empty chain the union of its elements is
an upper bound in (P, C), for the empty chain any element is an upper bound (P # ()
because F' € P). Let h be a maximal element in (P, C). If |Dy| = &, then by using
a bijection between Dj and |D,| we can obtain a desired kK — k X k bijection from h.
Suppose for a contradiction that |Dj,| < k. Then we must have |x \ Dy| = k. Indeed, if
we had |k \ Dy| < k, then

k = |Dl+|5 \ Du| < 2:max{| Dy, |\ Dy|} < max{| Dy, |\ Du|}> "L max{|Dy|, |5\ Du|} < &

which is impossible, so |k \ D,| = k, as we claimed.

Let X C g\ Dy, with |Dp,| = | X| =: \. We show that there is a bijection i’ between X and
X2U(Dpx X)U(XUDy). Note that if it is done, then hUR' : D, UX — (D,UX) X (D,UX)
is a bijection contradicting the maximality of h. To ensure the existence of A/, we prove
by using the induction hypothesis for A, that | X2 U (Dy, x X)U (X U Dp)| = X:
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[X?U (Dy x X)U (X x Dy)| =

X2|+ D x X[+ |X x Dy| =

| X|?+ |Dp| - | X]| + |X| - |Dy| =
MNAAZ 4+ =3-N2=3-A<)-A=)\



